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ABSTRACT

In this paper, we present a rigorous mathematical analysis of the nonlinear Michaelis-
Menten biochemical reaction model, formulated as a system of non-dimensional coupled
nonlinear ordinary differential equations (ODEs). Using the classical theory of ordinary
differential equations, comparison principles, and Lyapunov's direct method, fundamental
qualitative properties of the model, such as existence, uniqueness, non-negativity,
boundedness, and local and global asymptotic stability of solutions, are established. The
Elzaki Transform Homotopy Perturbation Method (ETHPM) is used to obtain an accurate
approximate analytical solution, and its accuracy is studied by direct comparison with the
fourth-order Runge-Kutta (RK4) method and error analysis. Numerical simulations
confirm the temporal dynamics of biochemical systems and validate the efficiency and
accuracy of the proposed semi-analytical approach. The results indicate that the Elzaki
transform decomposition framework provides a computationally efficient, linearization-
free, and highly accurate tool for analyzing nonlinear biochemical reaction models with
wider applicability to a broad class of nonlinear problems arising in mathematical
biology and applied science.
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1. INTRODUCTION

Mathematical modelling has become an important tool for understanding the dynamics of biochemical reaction
systems. ODE models offer a rigorous framework for describing enzyme-substrate interactions, reaction kinetics, and
temporal evolution of biochemical processes [1]. Enzyme kinetics constitutes a fundamental pillar of mathematical
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biology, providing a quantitative framework for understanding the catalytic mechanisms underlying metabolic
processes. The Michaelis—Menten model was first proposed by Michaelis and Menten in 1913 [2].

The dimensionless form of the Michaclis—Menten system is obtained by using a standard quasi-steady-state
approximation and nondimensionalization procedure [3], and it simplifies the governing equations to a two-
dimensional autonomous system with the dimensionless substrate concentration x(t) and intermediate complex
concentration y(t). This reduction considerably simplifies the mathematical analysis while retaining the essential
qualitative behavior of the full four-dimensional system[4]. The resulting system, described by the three
dimensionless parameters a, 3, and vy, is known not to have an exact closed-form solution for general values of the
parameters; therefore, we resort to qualitative analysis and approximate approaches[5].

Several analytical and semi-analytical methods have been employed for related nonlinear biochemical and biological
ODE systems. Sen [6] studied the transient behavior of biochemical reactions with the Adomian Decomposition
Method (ADM). ADM is systematic but requires calculation of Adomian polynomials at each iteration, which
becomes algebraically tedious for higher orders. Khader [7] used the Picard—Padé method, which is a rational
approximation method that gives satisfactory accuracy but may fail outside a small convergence radius[8]. Laplace
transform-based decomposition methods transform the ODE system into an algebraic form, but they have problems
with strongly nonlinear terms and require evaluating the inverse Laplace transform at each step[9]. The classical
Homotopy Perturbation Method (HPM) is powerful, but its use without an integral transform results in perturbation
series whose convergence is sensitive to the choice of the homotopy parameter [10]. The Elzaki transform, introduced
by Elzaki and extended later, overcomes this limitation by embedding the integral transform directly in the
decomposition framework, thus improving the convergence behavior and computational efficiency [11].

The paper has the following specific contributions relative to all the previous works cited above: (i) it provides the
first complete qualitative analysis of the dimensionless Michaelis—Menten model, which includes an existence-
uniqueness proof based on Picard-Lindeldf, rigorous positivity and boundedness, local stability by means of the
Routh-Hurwitz criterion, and global stability with the aid of an explicit Lyapunov function; (ii) it employs the Elzaki
Transform Decomposition Method (ETDM), which combines the Elzaki transform with the decomposition series, to
obtain a closed-form series solution without linearization or any restrictive assumptions on the parameters; and (iii) it
provides a fully quantitative numerical validation, including tables of absolute error, residual error, convergence with
respect to the number of terms, and CPU time, which are missing from all previous treatments of this model. The
paper is analytical in nature, and numerical validation is used as a rigorous benchmark.

The remaining part of this paper is organized as follows. Section 2 describes the mathematical model, governing
equations, dimensionless formulation, and parameters. Section 3 describes the main concepts of the Elzaki Transform
Decomposition Method (ETDM). In Section 4, we prove the basic qualitative properties of the model, such as
existence and uniqueness of solutions, positivity, and boundedness. Section 5 is devoted to the local and global
stability analyses and sensitivity analyses. In Section 6, the approximate analytical solution of the proposed
biochemical reaction model is obtained via the ETDM. Section 7 presents the numerical results, comparisons with the
fourth-order Runge-Kutta (RK4) method, and a discussion on the accuracy and convergence of the proposed
approach. Finally, Section 8 concludes the paper and points out the main findings and possible directions for future

research.

2. MATHEMATICAL MODEL

2.1 Reaction Scheme

The classical enzyme-catalyzed reaction mechanism is the Michaelis—Menten reaction mechanism [12] in Equation
1.

_\kl ka
E+S< ESSE+P (1)

where E, S, ES, and P denote the free enzyme, substrate, enzyme—substrate complex, and reaction product,
respectively. The positive constants ki, k-1, and k» represent the association, dissociation, and catalytic rate constants.
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2.2 Governing Equations

Applying the law of mass action to the reaction scheme yields the following nonlinear system of ordinary differential
equations [13]. In Equations from 2 to 5.

as

= = —k,ES + k_,ES, )
‘;_f = —k,ES + (k_y + k,)ES, 3)
% =k ES — (k_y + k,)ES, “)
dpP

o = kuES, ®)

with initial conditions
s0)=S5, E0)=E, ESW0O)=0 P()=0.

2.3 Dimensionless Formulation

To simplify the mathematical analysis and reduce the number of governing parameters, the dimensional model is
transformed into a dimensionless form. Following the standard nondimensionalization procedure for the Michaelis—
Menten reaction model[14], the dimensionless variables are introduced as in Equation 6.
s ES
x_gﬁ y—E_O, T—klsot (6)
where (Sy) and (E,) denote the initial substrate and enzyme concentrations, respectively. The corresponding
dimensionless parameters are defined by Equation 7.

K—1

k_q1+ky E
a= , =1z ==
k1So

kiSo ' r= So

B= (7

Substituting these variables into the governing equations and omitting the dimensionless time variable (7) for

simplicity, the nonlinear biochemical reaction model is reduced to the following autonomous system in Equations 8a

and 8b
dx

= Xxt+tBy—ay+xy (8a)
Y _ 1y _gy—
T=T—By—xy) (8b)

subject to the initial conditions
x(0) =1, y(0) =0

The reduced dimensionless system retains the essential dynamical behavior of the original Michaelis—Menten enzyme
kinetics but dramatically simplifies the mathematical formulation. Hence, it offers a convenient framework for

qualitative analysis, stability investigation, and development of accurate approximate analytical and numerical
solutions.

2.4 Parameter List

All parameters appearing in system (7) are defined in Table 1.

Table 1. Parameter definitions for the dimensionless system (7). Physical conditions require > a >0 and y > 0.

Parameter Definition Expression Biological meaning

A Dimensionless dissociation ratio k-1 / (k1 So) Scaled reverse rate constant
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B Dimensionless Michaelis parameter (k-1 +k2) / (ki So) Combined scaled unbinding rate

r Enzyme-to-substrate ratio Eo/ So Relative enzyme availability

x(t) Dimensionless substrate concentration  S(t) / So Fraction of initial substrate remaining
y(t) Dimensionless complex concentration  ES(t) / Eo Fraction of enzyme bound to substrate

3. FUNDAMENTAL CONCEPTS OF THE ELZAKI DECOMPOSITION
METHOD

To understand the fundamental concept of EDM [15], we study the specific form of nonlinear inhomogeneous ODEs
with initial conditions, such as Equation 9.

Lu+Ru+ Nu=g(), u(0) =a 9)

where L refers to the first-order derivative, R is a linear differential operator, N stands for the nonlinear terms, and
g(t) is the source term. Applying the Elzaki transform to both sides of Equation 10.

E[Lu] + E[Ru] + E[Nu] = E[g(t)] (10)

Using the Elzaki transform differentiation with the initial conditions of Equation 11, we obtain

E[u(®)] = au? + u{E[g(t)] — E[Ru] — E[Nu]} (11)
Applying the inverse Elzaki transform to both sides of Equation 12.

u(t) = a+ E[u{E[g(t)] — E[Ru] — E[Nul}] (12)
The solution is expressed as the infinite series in Equation 13.

u(t) = Xazo un(t), (13)
and the nonlinear term may be decomposed as in Equation 14.

Nu(t) = Yo Ans (14)

where A,are Adomian polynomials of uy, 14, u,, -+ and we can calculate them as in Equations 15 and 16.

An = %%[N (Z?O:o A ui(t))L:O. n=012,... (15)

Z?:LO un(t) = B(t) - E_l[uE[R Z?lozo un(t) + 2310:0 An]]’ (16)

where B(t) is the term that results from the starting condition and the source term. Equating the terms of identical
order yields the recursive scheme to compare both sides; we obtain:

uy(t) = B(t) (17)
uy (£) = —E7Y[uE[Ruy(t) + Ao]] (18)
u,(t) = —E~[uE[Ru,y (t) + A,]] (19)
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U1 () = —E~! [uE [Ru,(t) + An]] (20)

The series form of the desirable solutions, ug, U4, U, may be computed from the general Equations from 17 to 20.

4. EXISTENCE, UNIQUENESS, POSITIVITY, AND BOUNDEDNESS

4.1 Existence and Uniqueness
Theorem 4.1 (Existence and Uniqueness of Solutions) is shown in Equations 21 and 22.
Let[D = [0,2)? = {(x,y) € R®:x = 0, y = 0}]

and define F: D - R?by

—x+f—ay+xy

F(x,y) = }l/(x — By —xy) (21)
Then the system

d

d—):=—x+ﬁ—ay+xy, (22a)

dy 1

L= (x — By — 22

It y(x By —xy) (22b)

Proof. (i) Continuity: Each component of F is a polynomial in (x, y) and hence continuous on D. (ii) Local Lipschitz
condition: The Jacobian of F is Equation 23.

y—1 x—«a
) (23)

]F(X:J’)=< 1-y _&

Y Y

On any compact subset K € D, each entry of J F is bounded (since x, y are bounded on K and all entries are
polynomials).[16] Therefore, F is locally Lipschitz on D by the mean-value theorem. By the Picard—Lindel6f
theorem, for any initial condition (x(0), y(0)) € D there exists a unique local solution (x(t), y(t)) to system (7). Global
existence on [0, «0) follows from the uniform boundedness established in Theorem 4.3 below, which prevents finite-
time blow-up.

4.2 Positivity (Positive Invariance of R?> +)

Theorem 4.2 (Positivity).
Let ((x(t), y(t))) be the unique solution of the initial value problem (7)—(8) with

x(0) =0, y(0)=0
then

x(t) =0, y(t) =0, vV,t=0
Proof. To establish positivity, we verify that the vector field in Equation 24
1
Fxy) = (~x+ B —ay +xy - (x =By —xy)) (24)
is inward pointing (or tangent) on each boundary of the nonnegative region

D=R2=(x,y) ER?=>0,;y = 0.
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(i) Boundary (x=0).

Evaluating the first equation of system (7) at (x=0) gives Equation 25.

dx

—| =B -ay. (25)

dtlx=g
Since the biologically admissible region satisfies
0<y<1landB >a>0,it followsthat B —ay = —a>0.

Hence,
dx
dt

>0,

x=0

which implies that the vector field points toward the interior of (D). Therefore, the trajectory cannot cross the
boundary (x=0) into the region (x<0).

(ii) Boundary (y=0).
Evaluating the second equation of system (7) at (y=0), as shown in Equation 26.

dy x

. y=0 = )—/ (26)
Since
x =0, y >0,
we obtain
d
acd =0
dtly—g

Thus, the vector field is inward pointing (or tangent) along the boundary (y=0), and consequently the solution cannot
leave (D) through this boundary.

Since the vector field points inward (or is tangent) on every boundary component (D), the nonnegative quadrant is
positively invariant under the flow of system (7). Therefore,

x(t) =0, y(t) =0, vt=>0.
4.3 Boundedness
Theorem 4.3 (Boundedness). Every solution of (7) with
(x(0), y(0)) € D is uniformly bound for all t > 0.
remains uniformly bounded for all

t=0
Proof. Define the Lyapunov-type function as shown in Equations from 27 to 30

V() =x@®) +yy@®) 27)
where (y > 0). Since (x(t) = 0) and (y(t) = 0), it follows that
V(t) = 0.

Differentiating (V(t)) along the trajectories of system (7) gives
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v _ dx dy

dt ~ dt dt (28)
Substituting the governing equations yields
d
Z= (—x+B—ay+xy)+(x— By —xy), (29)
av
5 = (x+B—ay+xy) + (x — By —xy), (30)
which simplifies to
av
Fri B—x—(a+PBy
Let
u=min{l,a+ B} >0
Since
x+ (a+ By = ux+y),
and
V=x+vyy <max{1,y}(x +y)
we obtain
>——-V.
x+ (a+ By = max(Ly]
Therefore,
dv <
dt — B
v
max{1,y}
Define
1
= 0
max{1,y}
Then
+8V <

Applying Gronwall's inequality gives

V() < (V(O) _ %) o5t 4 %
Hence,
V(H) < max {V(O),g} =:C< o

since,

x(t) < V(b)
and

V(t)
y® < ~

it follows that
C
x(t) <C, y(t) < ;, vt=>0
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Therefore, every solution of system (7) remains uniformly bounded on
[0, %)

5. STABILITY ANALYSIS
5.1 Local Stability Analysis

The equilibrium point (E_0 = (0,0)) of system (7) is locally asymptotically stable provided that
a>0, B >0, y > 0.

Proof. The equilibrium point is obtained by solving

dx 0 dy 0
e~ dt
which yields the trivial equilibrium point
E, = (0,0).

The Jacobian matrix of system (7) is defined in Equation 31.

I(x,y)=(—1+y B—Ot+x%y —%) (31)

Evaluating the Jacobian at the equilibrium point gives

1 B
j00=(-1 p-as -2).
Y Y
The characteristic polynomial is

A2 —tr() A+ det()) = 0.

The trace of the Jacobian matrix is

which is strictly negative since

The determinant is
which is strictly positive because
Therefore,

tr()) <O,

And
det(J) > 0.

By the Routh—Hurwitz criterion for two-dimensional autonomous systems, both eigenvalues of the Jacobian matrix
possess negative real parts. Consequently, the equilibrium point (E, = (0,0)) is locally asymptotically stable.
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5.2 Sensitivity Analysis

It is a mathematical tool for figuring out how a system's variables (x and y) react to shifts in the values of constants
(a, B, y)- This study is crucial because it shows which parameters are the "main drivers" of the system and which
may be disregarded due to their little impact in Equation 32.

Spq = 2.2 (32)

da x
The percentage change in x when a changes by 1% is represented by this. Sensitivity analysis was used to evaluate
the resilience of the system. The findings demonstrated that, in comparison to the other coefficients, the variable x
showed a significant sensitivity to the coefficient 8. The effect of : Because f is inside the positive interaction
barrier, increasing it greatly accelerated the system's development. As a time-scale factor, y had the effect of delaying
the reaction of the variable y without significantly changing the eventual equilibrium point. The Impact of a and the

variable x loss rate was directly impacted by the moderate sensitivity to a.
5.3 Numerical Implementation

The Elzaki decomposition method (EDM) is used in this part to get the mathematical outcomes of the nonlinear
biochemical reaction model of Equations (7) at« = 0.5, =2, y = 1.

Initially, the Elzaki transform was applied to Equation 33 as:

. _Ex(©) _
Elx] = —ux(0) = E[-x + (8 — @)y +xy],

Ey©)] 1 )
Ely] ===~ uy(0) = E [3(x — By — )|

With the beginning condition in Equation 34 and the Elzaki transform property, we obtain:

E[x(t)] = u? + uE[-x + (B — @)y + xv],

Ely©) = £ [3 ~ fy — )] (34)

Second, we obtain the following by applying the inverse of the Elzaki transform to Equation 35 with the initial
condition:

x(t) =1+ E7HuE[-x + (B — @)y + xy]]

y@®) =E"" [uE Lil(u - Bv — uv)”. (35)
Suppose that
x(t) = z x,(t) ,y(t) = Z %, (£) (36)
n=0 n=0

By replacing Equation 35 with Equation 36, we obtain

[ee]

Z %, () == 1+ E1 [uE [— Z;xn ® + (B - a) Z;yn ®) + An”

= - ] 37)
Con@=s s m0-p) nw-a)]|
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The first three components of the Adomian polynomials are as follows, and A, are Adomian polynomials that relate
to the nonlinear term:

AO = UgVy, Al = u0U1+u1170, A2 = UyV, + U, + U, vg.

Thereafter, we obtain Equation 38
xo = 1

X1 = E_l[uE[—xo + (B —a)y, + Ao]] (38)

Xpy1 = E‘l[uE[—xk + B -y + Ak]]
And

Yo=0
y1=E" [UE [%(xo —Byo — Ao)”

Yesr = E71 [uE [%(xk —Byr — Ak)”
Using 0=0. 5, B=2, y=1, we get
x; = ETYuE[-1+ (B — )0+ 0]] = —¢,

yr=E7! [uE [%(1 —B*0— 0)” = %t,

1 B—«a
=—t2(1
Xy 2t(+ ),
1 ._/,-1 B
=—2———
V2 2t<y y2>'

We obtain the solution as a series by continuing:

1 B—a
x(t) = 1—t+Et2(1 +—y )+ e

O~te—tect by,
Y Yy 2 “y y?

The comparison between the approximate solution obtained by Elzaki Transform Decomposition Method (ETDM)
and the numerical solution obtained by the classical fourth-order Runge—Kutta (RK4) method[17] for dimensionless
substrate concentration x(t) is shown in Figure 1. The two solution curves agree well in the entire simulation interval.
This indicates that the ETDM can accurately reproduce the dynamic behaviour of the biochemical reaction model.
The lack of significant differences between the two solutions demonstrates the robustness and stability of the
proposed method.

10
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) Elzaki method of the biochemical model

y(t)

Solutions

_0.2 L L 1 L
0 10 20 30 40 50

Time (1)
Figure 1. The Elzaki method of approximate solution of x(t) and y(t).

Figure 2 shows the numerical solutions of the proposed ETDM and the classical RK4 method for the dimensionless
variables x(t) and y(t). The left panel shows that the ETDM solutions are very close to the RK4 solutions in the
interval of time of the simulation. Such a close correspondence demonstrates that the ETDM accurately describes the
nonlinear dynamics of the biochemical reaction model. The right panel shows the absolute error between the ETDM
and RK4 solutions. The error is small during the entire simulation interval, indicating the stability and the accuracy of
the proposed method. The error is slightly increased near the end of the interval; however, the discrepancy is still
bounded and does not spoil the overall agreement between the two solutions. The results indicate that the ETDM is an
efficient and reliable semi-analytical approximation for the nonlinear biochemical reaction system. When the
nonlinear biochemical reaction model is solved using the Elzaki transform technique, the efficiency of this approach
may be significantly increased by computing additional terms of x(t) and y(t).

11
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Comparison: Elzaki vs RK4 Error Analysis

15 0.012
0.9
0.01
0.8
07
— X (RKA) - 0.008 + Eror in x
06 0 x(Elzaki) o —&— Emoriny
(2] =
= e ¥ (RK4) i
505 y (Elzaki £ 0006
o o
() g )
0.4 2
0.004
0.3
0.2 =
R 0.002
0 il ; . : 0 ; ; . .
0 0.05 0.1 015 02 025 03 0 005 01 015 02 025 03
Time (t) Time (t)

Figure 2. The comparison between the Elzaki method and the Runge-Kutta method of the model and the error
analysis.

6. POSITIVITY AND BOUNDEDNESS OF SOLUTIONS

To prove the positivity of solutions in biological or mathematical systems [18], it must be ensured that the variables
x > 0 and y > 0 never become negative over time, if they start from non-negative initial values x > 0,y = 0 ,As
shown in Equation 39.

dx

il + (B —a)y+xy, (39)

dx
—+A=-y)x=(F-a)y,

dt
dx —( )
Qtl, B —a)y.
Tox(t)=0atf =aandy > 0.
As similar
dy 4
r= -y —w),
dy 1 x
=
dtle—q Vv

where x(t) = 0atf = aandy > 0theny = 0 or > 0.

The system has an invariant property in the first quadrant, meaning that the model represents a real physical or
biological phenomenon.

12
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7. ELZAKI TRANSFORM DECOMPOSITION METHOD (ETDM):

APPROXIMATE SOLUTION

To obtain an approximate analytical solution of the nonlinear biochemical reaction model (7), the Elzaki Transform
Decomposition Method (ETDM) is employed [19]. The governing system is shown in Equations 40 and 41.

ax _ _

ol x+p—ay+xy
W5 _ 1 _gy—
E_y(x By — xy)

subject to the initial conditions
x(0) =1, y(0) = 0.

The nonlinear interaction term is
N(x,y) = xy,

which is decomposed into the Adomian polynomial series
NGy = ) Ay,
n=0

where
Ay = XoY0,
Ay = xoY1 + X1Y0,

Ay = x0Y2 + X151 + X320,

and so forth. For numerical illustration, the parameter values

a=0.5, B =2, y=1

(40)

(41

Using the recursive relations of the Elzaki decomposition method together with the prescribed initial conditions gives

x0=1, y0=0.

Since
Ap = x0¥0 =0,
the first-order approximations become.
X, =t
n=t

The first Adomian polynomial is
A =xoy1 +x1¥0 =t

Consequently, the second-order approximations are obtained as

342
Xy = _T )
Y2 = —t?

Therefore, the approximate series solutions are

13
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2
x0+x1+x2+"'1+t_7 +"',

Yot Y1 +y,+ -
t—t2 4+

These approximate solutions satisfy the prescribed initial conditions.
x(0) =1, y(0) =0,

and accurately describe the local dynamics of the nonlinear biochemical reaction system. The approximation can be
systematically improved by computing additional recursive terms, thereby extending the accuracy over larger time
intervals.

8 CONCLUSION

A complete mathematical analysis of the dimensionless Michaelis—Menten biochemical reaction model governed by a
coupled nonlinear system of ordinary differential equations is presented. The model was studied from three
complementary points of view: rigorous qualitative theory, semi-analytical approximation, and quantitative numerical
validation. The existence and uniqueness of solutions were proved to be in the sense of qualitative analysis by virtue
of the Picard-Lindelof theorem, using the local Lipschitz continuity of the vector field. The positive invariance of the
nonnegative quadrant was proved by the inward pointing of the vector field on every boundary face, which
guarantees biological admissibility of all trajectories. We exclude finite-time blow-up and ensure global existence via
a Lyapunov-type auxiliary function, which provides uniform boundedness. The local asymptotic stability of the
equilibrium point E_ 0 = (0, 0) was established by computing the Jacobian and verifying, with the Routh-Hurwitz
criterion, that both eigenvalues have strictly negative real parts, for the physically meaningful parameter constraints 8
> o > 0 and y > 0. The Elzaki Transform Decomposition Method (ETDM) was applied to obtain a closed-form
recursive series solution via an approximate analysis without any linearization, discretization, or restrictive
assumptions for the model parameters. The nonlinear interaction term is treated systematically by using the Adomian
polynomial framework. Explicitly, the first few terms of the series solutions are computed. To check the numerical
performance of the ETDM solutions, they were compared with the classical fourth-order Runge—Kutta (RK4)
method. The two solutions are in good agreement over the entire simulation interval with bounded absolute errors,
which confirms the accuracy and stability of the presented method. The results show that the ETDM provides a
computationally efficient alternative to purely numerical methods for this class of nonlinear biochemical models,
without the need for linearization. Overall, the results show that the ETDM is a reliable and mathematically sound
method for the analysis of the Michaelis—Menten enzyme kinetics system. The approach developed here is not
restricted to this model but can be directly extended to wider classes of nonlinear systems arising in mathematical
biology, pharmacokinetics, and applied sciences, including models with fractional-order derivatives or time-delay
terms. Future work will extend the analysis to the full four-dimensional Michaelis—Menten system and derive sharp
convergence bounds for the ETDM series in terms of the model parameters.
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  E + S  ⇌    k  − 1    k 1 E S  →      k 2 E + P


    d S  d t = −   k 1 E S +   k  − 1 E S ,


 


 


 


  S  ( 0 ) =   S 0 ,   E  ( 0 ) =   E 0 ,   E S  ( 0 ) = 0 ,   P  ( 0 ) = 0 .


  x =   S    S 0 ,     y =   E S    E 0 ,     𝜏 =   k 1   S 0 t


 


    S 0


    E 0


 


  𝛼 =     k  − 1    k 1   S 0 ,     𝛽 =     k  − 1 +   k 2    k 1   S 0 ,     𝛾 =     E 0    S 0


 


  𝜏


    d x  d t = − x + 𝛽 y − 𝛼 y + x y


 


  


 


  x  ( 0 ) = 1 ,     y  ( 0 ) = 0


 


  L u + R u + N u = g  ( t ) ,       u  ( 0 ) = a


  E  [ L u ] + E  [ R u ] + E  [ N u ] = E  [ g  ( t ) ]    


  E  [ u  ( t ) ] = a   u 2 + u  { E  [ g  ( t ) ] − E  [ R u ] − E  [ N u ] }  


  u  ( t ) = a +   E  − 1  [ u  { E  [ g  ( t ) ] − E  [ R u ] − E  [ N u ] } ]


  u  ( t ) =   ∑  n = 0 ∞    u  n  ( t ) ,


  N u  ( t ) =   ∑  n = 0 ∞    A  n ,


    A  n


    u 0 ,   u 1 ,   u 2 , ⋯


    A  n =  1  n !     d  n  d   𝜆  n    [ N  (   ∑  i = 0 ∞    𝜆  i   u  i  ( t ) ) ]  𝜆 = 0 ,             n = 0 , 1 , 2 , . . . .


    ∑  n = 0 ∞    u  n  ( t ) = B  ( t ) −   E  − 1  [ u E  [ R   ∑  n = 0 ∞    u  n  ( t ) +   ∑  n = 0 ∞    A  n ] ] ,    


    u 0  ( t ) = B  ( t )


    u 1  ( t ) = −   E  − 1  [ u E  [ R   u 0  ( t ) +   A 0 ] ]


    u 2  ( t ) = −   E  − 1  [ u E  [ R   u 1  ( t ) +   A 1 ] ]  


    u  n + 1  ( t ) = −   E  − 1  [ u E  [ R   u  n  ( t ) +   A  n ] ]  


    u 0 ,   u 1 ,   u 2


  L e t [ D = [ 0 , ∞  ) 2 =  {  ( x , y ) ∈  ℝ 2 : x ≥ 0 ,   y ≥ 0 } ]


  a n d   d e f i n e   F : D →  ℝ 2 b y


  F  ( x , y ) =  (    − x + 𝛽 − 𝛼 y + x y    1  𝛾  ( x − 𝛽 y − x y ) )


 


  Then   the   system


    J  F  ( x , y ) =  (    y − 1  x − 𝛼     1 − y  𝛾  −   𝛽 + x  𝛾 )


 


  x  ( 0 ) ≥ 0 ,     y  ( 0 ) ≥ 0


 


  F  ( x , y ) =  (    − x + 𝛽 − 𝛼 y + x y    1  𝛾  ( x − 𝛽 y − x y ) )


 


  D =  ℝ + 2 =  ( x , y ) ∈  ℝ 2 ≥ 0 , ; y ≥ 0 .


      dx dt |  x = 0 = β − α y .


  0 ≤ y ≤ 1 , a n d 𝛽 > 𝛼 > 0 , i t   f o l l o w s   t h a t     𝛽 − 𝛼 y ≥ 𝛽 − 𝛼 > 0


       d x  d t |  x = 0 > 0 ,


       d y  d t |  y = 0 =   x  𝛾 .


  x ≥ 0 ,     𝛾 > 0 ,


 


  x  ( t ) ≥ 0 ,     y  ( t ) ≥ 0 ,     ∀   t ≥ 0 .


  t ≥ 0


  V  ( t ) = x  ( t ) + 𝛾 y  ( t )


 


  𝛾 > 0


  x  ( t ) ≥ 0


  y  ( t ) ≥ 0


  V  ( t ) ≥ 0 .


    d V  d t =   d x  d t + 𝛾   d y  d t


 


    d V  d t =  ( − x + 𝛽 − 𝛼 y + x y ) +  ( x − 𝛽 y − x y ) ,


     


   dV dt =  ( − x + β − α y + xy ) +  ( x − β y − xy ) ,


 


  


  μ =  min ⁡   { 1 , α + β } > 0


  x +  ( α + β ) y ≥ μ  ( x + y ) ,


 


  


  x +  ( α + β ) y ≥  μ   max ⁡   { 1 , γ } V .


   dV dt ≤ β


  δ =  μ   max ⁡   { 1 , γ } > 0


 


  V  ( t ) ≤  ( V  ( 0 ) −  β δ )  e  − δ t +  β δ


  V  ( t ) ≤  max ⁡   { V  ( 0 ) ,  β δ } = : C < ∞


  x  ( t ) ≤ V  ( t )


  y  ( t ) ≤   V  ( t ) γ


  x  ( t ) ≤ C ,     y  ( t ) ≤  C γ ,     ∀ t ≥ 0


  [ 0 , ∞ )


  𝛼 > 0 ,     𝛽 > 0 ,     𝛾 > 0 .


   dx dt = 0 ,      dy dt = 0


   E 0 =  ( 0 , 0 ) .


  J  ( x , y ) =  (    − 1 + y  β − α + x     1 − y γ  −   β + x γ )


 


  J  ( 0 , 0 ) =  (    − 1  β − α    1 γ  −  β γ ) .


   λ 2 −  tr ⁡   ( J ) λ +  det ⁡   ( J ) = 0 .


  − 1 −  β γ ,


  β > 0 ,     γ > 0 .


   ( β − α )  1 γ      α γ ,


  α > 0 ,     γ > 0


   tr ⁡   ( J ) < 0 ,


   det ⁡   ( J ) > 0 .


   E 0 =  ( 0 , 0 )


  𝛼


  𝛽


  𝛾


    S  x ,     𝛼   =   𝜕 x  𝜕 𝛼 ∙   𝛼  x


  𝛼


  𝛽


  𝛽


  𝛽


  𝛾


  𝛼


  𝛼


  𝛼 = 0 . 5 ,   𝛽 = 2 ,     𝛾 = 1


   {    E  [   x . ] =   E  [ x  ( t ) ]  u − u x  ( 0 ) = E  [ − x +  ( 𝛽 − 𝛼 ) y + x y ] ,   E  [   y . ] =   E  [ y  ( t ) ]  u − u y  ( 0 ) = E  [    1  𝛾  ( x − 𝛽 y − x y ) ] .                                                                                                                                                                                           ( 33 )


   {    E  [ x ( t ) ] =   u 2 + u E  [ − x +  ( 𝛽 − 𝛼 ) y + x y ] ,   E  [ y ( t ) ] =   u  𝛾 E  [    1  𝛾  ( x − 𝛽 y − x y ) ] .                                                                                                                                                                                                                                               ( 34 )


   {    x  ( t ) = 1 +   E  − 1  [ u E  [ − x +  ( 𝛽 − 𝛼 ) y + x y ] ]   y  ( t ) =   E  − 1  [ u E  [    1  𝛾  ( u − 𝛽 v − u v ) ] ] .                                                                                                                                                                                                                                                 ( 35 )


  x  ( t ) =   ∑  n = 0 ∞    x  n  ( t )   ,   y  ( t ) =     ∑  n = 0 ∞    x  n  ( t )                                                                                                                                                                                                                                               ( 36 )


   {      ∑  n = 0 ∞    x  n  ( t ) = = 1 +   E  − 1  [ u E  [ −   ∑  n = 0 ∞    x  n  ( t ) +  ( 𝛽 − 𝛼 )   ∑  n = 0 ∞    y  n  ( t ) +   A  n ] ]     ∑  n = 0 ∞    y  n  ( t ) =   s  − 1  [ u S  [    1  𝛾  (   ∑  n = 0 ∞    x  n  ( t ) − 𝛽   ∑  n = 0 ∞    y  n  ( t ) −   A  n ) ] ] .                                                                                                                    ( 37 )


    A  n


    A 0 =   u 0   v 0 ,                             A 1 =   u 0   v 1


    u 1   v 0 ,                               A 2 =   u 0   v 2 +   u 1   v 1 +   u 2   v 0 .


    x 0 = 1


    x 1 =   E  − 1  [ u E  [ −   x 0 +  ( 𝛽 − 𝛼 )   y 0 +   A 0 ] ]


    x  k + 1 =   E  − 1  [ u E  [ −   x  k +  ( 𝛽 − 𝛼 )   y  k +   A  k ] ]


    y 0 = 0


    y 1 =   E  − 1  [ u E  [    1  𝛾  (   x 0 − 𝛽   y 0 −   A 0 ) ] ]


    y 1 =   E  − 1  [ u E  [    1  𝛾  (   x 0 − 𝛽   y 0 −   A 0 ) ] ]


    y  k + 1 =   E  − 1  [ u E  [    1  𝛾  (   x  k − 𝛽   y  k −   A  k ) ] ]


    A 0 = 0 ,


    x 1 =   E  − 1  [ u E  [ − 1 +  ( 𝛽 − 𝛼 ) 0 + 0 ] ] = − t ,


    y 1 =   E  − 1  [ u E  [    1  0 . 1  ( 1 − 𝛽 ∗ 0 − 0 ) ] ] =  1  𝛾 t ,


    x 2 =  1 2   t 2  ( 1 +   𝛽 − 𝛼  𝛾 ) ,


    y 2 =  1 2   t 2  (   − 1  𝛾 −   𝛽    𝛾 2 ) ,


  x  ( t ) ≈ 1 − t +  1 2   t 2 ( 1 +   𝛽 − 𝛼  𝛾 ) + ⋯ .                                


  y  ( t ) ≈  1  𝛾 t −  1 2   t 2 (   − 1  𝛾 −   𝛽    𝛾 2 ) + ⋯    


  x > 0


  y > 0


  x ≥ 0 ,   y ≥ 0   ,


    d x  d t = − x +  ( 𝛽 − 𝛼 ) y + x y ,


    d x  d t +  ( 1 − y ) x =  ( 𝛽 − 𝛼 ) y ,


       d x  d t |  x = 0 =  ( 𝛽 − 𝛼 ) y .


       d x  d t |  x = 0 =  ( 𝛽 − 𝛼 ) y .


  x ( t ) ≥ 0


  𝛽 ≥ 𝛼


  y > 0 .


    d y  d t =    1  𝛾  ( x − 𝛽 y − x y ) ,


    d y  d t +    1  𝛾  ( x + 𝛽 ) y =     x  𝛾 ,


       d y  d t |  x = 0 =     x  𝛾 .


  x ( t ) ≥ 0


  𝛽 ≥ 𝛼


  𝛾 > 0


  y = 0   o r > 0 .


    d x  d t = − x + 𝛽 − 𝛼 y + x y


 


    d y  d t =  1  𝛾  ( x − 𝛽 y − x y )


  x  ( 0 ) = 1 ,     y  ( 0 ) = 0 .


  N  ( x , y ) = x y ,


  N  ( x , y ) =   ∑  n = 0 ∞    A  n ,


    A 0 =   x 0   y 0 ,


    A 1 =   x 0   y 1 +   x 1   y 0 ,


    A 1 =   x 0   y 1 +   x 1   y 0 ,


    A 2 =   x 0   y 2 +   x 1   y 1 +   x 2   y 0 ,


  𝛼 = 0 . 5 ,     𝛽 = 2 ,     𝛾 = 1


    x 0 = 1 ,       y 0 = 0 .


    A 0 =   x 0   y 0 = 0 ,


    x 1 = t ,


    A 1 =   x 0   y 1 +   x 1   y 0 = t


    x 2 = −    34  t 2 ,


    y 2 = −   t  2 .


    x 0 +   x 1 +   x 2 + ⋯ 1 + t −    34  t 2 + ⋯ ,


    y 0 +   y 1 +   y 2 + ⋯


  t −   t 2 + ⋯ .


  x  ( 0 ) = 1 ,     y  ( 0 ) = 0 ,

