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ABSTRACT
Amid global economic uncertainty and inflationary pressures, precious metals
have gained prominence as safe-haven assets, yet accurately quantifying
their risk remains challenging due to the inherent limitations of existing
fractal analysis methods. Conventional Multifractal Detrended Fluctuation
Analysis (MF-DFA) suffers from boundary-induced artifacts and computational
inefficiencies, which can distort risk measurements and obscure true market
dynamics. To address this gap, we introduce an enhanced method—Binary
Overlapped Sliding Window MF-DFA (Bi-OSW-MF-DFA)—that mitigates
segmentation discontinuities and improves computational robustness through
overlapping windows and binary series partitioning. Applied to spot gold and
silver markets, our approach reveals that silver exhibits stronger multifractality
and higher inherent risk than gold, with long-range temporal correlations
identified as the primary driver of multifractal behavior. This study offers
a refined analytical framework for market risk assessment and provides
actionable insights for investors and portfolio managers navigating precious
metals volatility.
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1 Introduction

The rapid expansion of global capital markets has witnessed a proliferation of financial instruments, with
precious metals emerging as a significant component within diversified investment portfolios. Gold and silver,
as primary assets in this sector, attract substantial attention due to their pronounced price volatility and their
traditional role as safe-haven investments during periods of economic uncertainty and financial crisis. However,
financial markets constitute complex adaptive systems shaped by a multitude of interconnected factors, rendering
their precise characterization a persistent challenge [1].

Extant research reveals that price dynamics in precious metals markets exhibit pronounced non-linear
characteristics and complex multifractal properties. For instance, empirical studies demonstrate distinct
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multifractal signatures in gold price indices across emerging economies such as China, India, and Turkey
[2]. Investigating multifractality in financial time series provides critical insights into market microstructure,
offering valuable information on market efficiency, persistence, and underlying risk factors [3].

Fractal theory, pioneered by Mandelbrot [4], provides a powerful analytical framework for characterizing
complex systems with self-similar properties. Its application to finance has offered novel perspectives beyond
traditional linear models. The rescaled range analysis (R/S), introduced by Hurst [5], was an early method for
detecting long-term dependence. Subsequent methodological refinements, such as the 𝑞-th order height-height
correlation function, extended R/S analysis to multifractal contexts, as evidenced in studies of the Korean stock
market [6].

While conventional R/S analysis and detrended fluctuation analysis (DFA) are effective for characterizing
monofractal processes [7, 8, 9], they are inadequate for capturing the intricate dynamics governed by multiple
scaling exponents [10]. To address this, [11] introduced Multifractal Detrended Fluctuation Analysis (MF-DFA),
which has become a standard methodology for investigating long-range correlations in non-stationary time
series while mitigating spurious correlation artifacts. The MF-DFA framework has been widely applied to
financial markets, yielding significant insights into market efficiency, volatility clustering, and risk transmission
mechanisms [12, 13, 14, 15].

Empirical applications of MF-DFA continue to reveal important market characteristics. [16] demonstrated
that degrees of multifractality correlate with stages of market development across international equity markets.
[17] employed MF-DFA to quantify multifractality in stock index fluctuations, while [18] investigated the
compositional sources of empirical multifractality in financial returns. Despite its widespread adoption, the
conventional MF-DFA methodology is not without limitations. A notable drawback is the potential for boundary
discontinuities arising from independent polynomial fitting in adjacent, non-overlapping segments, which can
introduce artifacts and distort the estimation of scaling behavior [19].

This study makes two primary contributions to the literature. First, we develop an enhanced MF-DFA
methodology—Binary Overlapped Sliding Window-based MF-DFA (Bi-OSW-MF-DFA)—that directly addresses
the boundary discontinuity problem and improves computational efficiency. Second, we apply this refined
framework to conduct a comprehensive comparative analysis of the multifractal properties and associated
risk profiles in spot gold and silver markets. Our investigation provides novel insights into the structural
determinants of multifractality in precious metals and their practical implications for risk management and
investment strategy.

The remainder of this paper is structured as follows. Section 2 details the theoretical foundations of MF-DFA
and presents our methodological innovations. Section 3 applies the Bi-OSW-MF-DFA framework to empirical
data from gold and silver markets, including a comparative risk assessment. Section 4 synthesizes the findings,
discusses their implications, and suggests directions for future research.

2 Methodology: Improving the MF-DFA Framework

2.1 Review of MF-DFA Methodology

Multifractal Detrended Fluctuation Analysis (MF-DFA) has been widely applied across various scientific
disciplines to reliably determine the multifractal scaling behavior of non-stationary time series [11]. The
method consists of six sequential steps, which we outline below.

Step 1: Profile Construction: Given a time series {𝑥𝑘} of length 𝑁 , we first compute its cumulative deviation
from the mean, known as the "profile":

𝑌 (𝑖) =
𝑖∑︁

𝑘=1
(𝑥𝑘 − 𝑥), 𝑖 = 1, 2, . . . , 𝑁, 𝑥 =

1
𝑁

𝑁∑︁
𝑖=1

𝑥𝑖 . (1)

Step 2: Segmentation: The profile𝑌 (𝑖) is divided into 𝑁𝑠 = ⌊𝑁/𝑠⌋ non-overlapping segments of equal length
𝑠, where ⌊·⌋ denotes the floor function. Since 𝑁 may not be an exact multiple of 𝑠, a residual portion at
the end of the profile is often disregarded. To preserve data integrity, the procedure is repeated starting
from the opposite end of the series, yielding a total of 2𝑁𝑠 segments.

Step 3: Local Detrending and Variance Calculation: For each of the 2𝑁𝑠 segments, a local polynomial
trend 𝑦𝑣 (𝑖) is estimated via least-squares regression. The variance around this trend is then computed.
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For the first 𝑁𝑠 segments (𝑣 = 1, . . . , 𝑁𝑠):

𝐹2(𝑣, 𝑠) = 1
𝑠

𝑠∑︁
𝑗=1

(𝑌 ((𝑣 − 1)𝑠 + 𝑗) − 𝑦𝑣 ( 𝑗))2 . (2)

For the remaining segments obtained from the reverse traversal (𝑣 = 𝑁𝑠 + 1, . . . , 2𝑁𝑠):

𝐹2(𝑣, 𝑠) = 1
𝑠

𝑠∑︁
𝑗=1

(𝑌 (𝑁 − (𝑣 − 𝑁𝑠)𝑠 + 𝑗) − 𝑦𝑣 ( 𝑗))2 . (3)

The order of the detrending polynomial (𝑚) can be adjusted; common choices are linear (𝑚 = 1;
MF-DFA1), quadratic (𝑚 = 2; MF-DFA2), or cubic (𝑚 = 3; MF-DFA3).

Step 4: Fluctuation Function Computation: The 𝑞th-order fluctuation function𝐹𝑞 (𝑠) is obtained by averaging
over all segments:

𝐹𝑞 (𝑠) =
(

1
2𝑁𝑠

2𝑁𝑠∑︁
𝑣=1

[
𝐹2(𝑣, 𝑠)

]𝑞/2
)1/𝑞

, 𝑞 ∈ R \ {0}. (4)

For the special case 𝑞 = 0, the logarithmic averaging is applied:

𝐹0(𝑠) = exp

(
1

2𝑁𝑠

2𝑁𝑠∑︁
𝑣=1

ln
[
𝐹2(𝑣, 𝑠)

] )
. (5)

Step 5: Scaling Analysis and Generalized Hurst Exponent: The scaling behavior is examined by plotting
log 𝐹𝑞 (𝑠) against log 𝑠. If long-range power-law correlations exist, then:

𝐹𝑞 (𝑠) ∼ 𝑠ℎ (𝑞) , (6)

where ℎ(𝑞) is the generalized Hurst exponent. For 𝑞 = 2, ℎ(2) corresponds to the classical Hurst
exponent 𝐻. A monofractal series exhibits ℎ(𝑞) independent of 𝑞, while for multifractal series, ℎ(𝑞)
varies with 𝑞. The degree of multifractality is quantified by:

Δℎ = ℎ(𝑞min) − ℎ(𝑞max) > 0. (7)

For ℎ(𝑞) > 0.5, fluctuations exhibit persistent auto-correlation; for ℎ(𝑞) < 0.5, anti-persistent
correlation; and ℎ(𝑞) = 0.5 indicates random walk behavior [3].

Step 6: Multifractal Spectrum Analysis: The multifractal scaling exponent 𝜏(𝑞) and singularity spectrum
𝑓 (𝛼) provide complementary characterizations:

𝜏(𝑞) = 𝑞ℎ(𝑞) − 1. (8)

A linear 𝜏(𝑞) versus 𝑞 relationship indicates monofractality, while nonlinearity signifies multifractality.
The singularity strength 𝛼 and spectrum 𝑓 (𝛼) are derived via Legendre transform:

𝛼(𝑞) = 𝑑𝜏(𝑞)
𝑑𝑞

= ℎ(𝑞) + 𝑞ℎ′(𝑞), (9)

𝑓 (𝛼) = 𝑞𝛼(𝑞) − 𝜏(𝑞) = 𝑞2ℎ′(𝑞) + 1. (10)

The width of the singularity spectrum, Δ𝛼 = 𝛼max − 𝛼min, measures the heterogeneity in the fractal
structure; wider Δ𝛼 indicates stronger multifractality and typically greater market risk [13, 19, 20].

2.2 Improving MF-DFA Methodology: Bi-OSW-MF-DFA

We propose two key modifications to the standard MF-DFA procedure to enhance its robustness and computational
efficiency, naming the improved method Binary Overlapped Sliding Window-based MF-DFA (Bi-OSW-MF-DFA).
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Modification 1: Binary Partitioning: Rather than processing the entire profile at once, we first partition 𝑌 (𝑖)
into two approximately equal sub-series:

𝑛 =

⌊
𝑁

2

⌋
. (11)

This yields two sub-series: 𝑌1(𝑖) for 𝑖 = 1, . . . , 𝑛 and 𝑌2(𝑖) for 𝑖 = 𝑛 + 1, . . . , 𝑁 . If 𝑁 is odd,
𝑌2 contains one additional observation.

Modification 2: Overlapped Sliding Windows: Each sub-series is then divided using overlapping segments.
For a given segment length 𝑠 and overlap length 𝑙 (0 < 𝑙 < 𝑠/2), the number of segments in
one direction for a sub-series of length 𝑛 is:

𝑁∗
𝑠 =

⌊𝑛 − 𝑠

𝑠 − 𝑙

⌋
+ 1. (12)

To utilize all data and maintain consistency with the standard MF-DFA approach, we repeat
this segmentation starting from the opposite end of each sub-series. This yields 2𝑁∗

𝑠 segments
per sub-series, resulting in a total of 4𝑁∗

𝑠 segments across both sub-series.

Visual Comparison of Segmentation Strategies The segmentation strategies of standard MF-DFA and the
proposed Bi-OSW-MF-DFA are visually compared in Figure 1. Panel (a) illustrates the standard MF-DFA
approach with sequential non-overlapping segmentation. Panel (b) shows the reverse segmentation used to
include residual data. Panel (c) demonstrates our proposed Bi-OSW-MF-DFA method, where the series is
first partitioned into two sub-series (binary partitioning), and then overlapping windows are applied to each
sub-series. This visual representation clarifies how our method reduces boundary discontinuities through
overlapping windows while maintaining data coverage through binary partitioning.

2.3 Advantages of the Bi-OSW-MF-DFA Method

The Bi-OSW-MF-DFA method offers two principal advantages over conventional MF-DFA.
First, it mitigates boundary artifacts. A known limitation of standard MF-DFA is that independent polynomial
fitting in adjacent, non-overlapping segments can cause abrupt jumps in the detrended profile at segment
boundaries [16]. By employing overlapping windows, our method ensures smoother transitions between
segments, leading to more stable fluctuation estimates.
Second, it improves statistical efficiency. The use of overlapping windows increases the effective number of
segments, reducing the variance of the fluctuation function estimates. While standard MF-DFA yields 2𝑁𝑠

segments, Bi-OSW-MF-DFA produces 4𝑁∗
𝑠 segments, typically resulting in 𝑁∗

𝑠 > 𝑁𝑠 for reasonable overlap
choices.

The fluctuation function in Bi-OSW-MF-DFA is computed as:

𝐹𝑞 (𝑠) =
©­« 1

4𝑁∗
𝑠

4𝑁 ∗
𝑠∑︁

𝑣=1

[
𝐹2(𝑣, 𝑠)

]𝑞/2ª®¬
1/𝑞

, (13)

with appropriate adjustment for 𝑞 = 0 following Equation (5). As we demonstrate empirically in Section 3, this
formulation yields more robust and concentrated estimates of ℎ(𝑞), confirming the enhanced performance of
our proposed method.

3 Empirical Analysis for Risk Assessment of Gold and Silver Markets

3.1 Data Description and Preliminary Analysis

This study investigates the multifractal characteristics of precious metals markets using daily closing prices
of spot gold (February 9, 2004 to March 23, 2015) and spot silver (February 13, 2004 to March 23, 2015).
After removing weekends and holidays, we obtain 2,851 observations for gold and 2,880 for silver. All data
are sourced from the JIJIN silver and gold analysis software. Figure 2 presents the price trajectories for both
metals.
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(a) MF-DFA: sequential segmentation

(b) MF-DFA: reverse segmentation

(c) Bi-OSW-MF-DFA: overlapping segmentation

Figure 1: Comparison of segmentation strategies in MF-DFA and Bi-OSW-MF-DFA methods. (a) Standard MF-DFA
with sequential segmentation. (b) Standard MF-DFA with reverse segmentation to include residual data. (c) Proposed
Bi-OSW-MF-DFA with overlapping windows on partitioned series.
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We first test the stationarity of both price series using the Augmented Dickey-Fuller (ADF) test, which
examines the presence of unit roots [21]. Tables 1 and 2 present the ADF test results for gold and silver,
respectively. The test specification includes a constant term but no trend, denoted as (𝑐, 0, 𝑝), where 𝑝 is the
lag order determined by the Schwarz Information Criterion.

Both series are non-stationary in levels but stationary in first differences. To eliminate the dependence of
price fluctuations on price levels, we compute logarithmic returns:

𝑟𝑡 = ln(𝐼𝑡 ) − ln(𝐼𝑡−1), (14)

where 𝐼𝑡 denotes the closing price at time 𝑡. This transformation yields 2,850 and 2,879 daily return observations
for gold and silver, respectively. The return series are visualized in Figure 3.

Table 3 presents descriptive statistics for the return series. Both exhibit negative skewness and excess
kurtosis greater than 3, indicating departure from normality and the presence of fat-tailed distributions, which
is consistent with typical financial return series and suggests the need for multifractal analysis.

Table 1: ADF test results for spot gold daily closing price series.

Variable (𝑐, 𝑡, 𝑝) ADF Statistic 1% Critical 5% Critical 10% Critical p-value Conclusion

𝑌 (𝑐, 0, 0) 1.378 -2.568 -1.941 -1.617 0.958 Nonstationary
Δ𝑌 (𝑐, 0, 1) -30.135 -2.568 -1.941 -1.617 0.000 Stationary

Table 2: ADF test results for spot silver daily closing price series.

Variable (𝑐, 𝑡, 𝑝) ADF Statistic 1% Critical 5% Critical 10% Critical p-value Conclusion

𝑌 (𝑐, 0, 0) 0.571 -2.568 -1.941 -1.616 0.839 Nonstationary
Δ𝑌 (𝑐, 0, 1) -32.178 -2.568 -1.941 -1.616 0.000 Stationary

Table 3: Descriptive statistics of daily return series.

Series 𝑁 Mean Minimum Maximum Skewness Kurtosis

Gold 2,879 0.0003 -0.20 0.13 -1.074 8.358
Silver 2,850 0.0004 -0.11 0.10 -0.416 6.706

3.2 Methodological Comparison: MF-DFA vs. Bi-OSW-MF-DFA

Precious metals markets constitute complex nonlinear dynamic systems with asymmetric information flows,
making price fluctuations challenging to predict [2]. To assess the scaling properties of these markets, we
examine the fluctuation functions𝐹𝑞 (𝑠) obtained via both standard MF-DFA and our proposed Bi-OSW-MF-DFA
method. Figures 4a and 4b display 𝐹𝑞 (𝑠) versus scale 𝑠 for selected 𝑞 values (-20, -10, -2, 2, 10, 20) using
Bi-OSW-MF-DFA.

The presence of crossover points in the log-log plots indicates multiple scaling regimes, necessitating
multifractal analysis [11]. To validate the robustness of our improved method, we compare the generalized
Hurst exponents ℎ(𝑞) obtained from both methods for identical parameter settings (time scales 𝑠 from 10 to 50,
detrending polynomial order 𝑚 = 2).

Table 4 presents ℎ(𝑞) values for both metals using both methods. The degree of multifractality, measured
by Δℎ = ℎ(𝑞min) − ℎ(𝑞max), is consistently smaller for Bi-OSW-MF-DFA: Δℎ∗𝑔 = 0.3860 < Δℎ𝑔 = 0.5965 for
gold, and Δℎ∗𝑠 = 0.5515 < Δℎ𝑠 = 0.8501 for silver. This reduction in Δℎ indicates that Bi-OSW-MF-DFA
produces more concentrated and stable estimates of ℎ(𝑞), confirming its superior robustness.

The dependence of ℎ(𝑞) on 𝑞, visualized in Figures 5a and 5b, confirms multifractality in both markets.
Silver exhibits stronger multifractality (Δℎ∗𝑠 = 0.5515) than gold (Δℎ∗𝑔 = 0.3860), suggesting higher market
complexity and risk in the silver market. This finding aligns with silver’s known higher volatility and speculative
nature compared to gold’s more stable safe-haven characteristics.
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(a) Spot gold daily closing prices (2004-2015)

(b) Spot silver daily closing prices (2004-2015)

Figure 2: Daily closing price history of spot gold and silver markets (2004-2015).

(a) Spot gold daily returns (2004-2015)

(b) Spot silver daily returns (2004-2015)

Figure 3: Daily return series of spot gold and silver markets (2004-2015).
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Table 4: Generalized Hurst exponents ℎ(𝑞) calculated via MF-DFA and Bi-OSW-MF-DFA.

𝑞 MF-DFA Bi-OSW-MF-DFA

Gold ℎ𝑔 (𝑞) Silver ℎ𝑠 (𝑞) Gold ℎ∗𝑔 (𝑞) Silver ℎ∗𝑠 (𝑞)
-20 0.8704 1.0400 0.7217 0.7849
-16 0.8569 1.0237 0.7129 0.7757
-12 0.8331 0.9942 0.7005 0.7619
-8 0.7832 0.9287 0.6807 0.7398
-4 0.6887 0.7729 0.6387 0.6856
0 0.5908 0.6207 0.5546 0.5806
2 0.5316 0.5480 0.5129 0.5160
4 0.4634 0.4326 0.4719 0.4302
8 0.3629 0.2833 0.4034 0.3221
12 0.3139 0.2294 0.3674 0.2748
16 0.2885 0.2042 0.3477 0.2492
20 0.2739 0.1899 0.3357 0.2334

Δℎ 0.5965 0.8501 0.3860 0.5515

(a) Gold return series (b) Silver return series

Figure 4: Fluctuation functions 𝐹𝑞 (𝑠) obtained via Bi-OSW-MF-DFA for selected 𝑞 values. The crossover points in the
log-log plots indicate multiple scaling regimes, confirming the multifractal nature of both markets.

(a) Gold return series (b) Silver return series

Figure 5: Generalized Hurst exponents ℎ(𝑞) versus order 𝑞: MF-DFA (dashed lines) vs. Bi-OSW-MF-DFA (solid lines).
The dependence of ℎ(𝑞) on 𝑞 confirms multifractality, with silver showing stronger variation than gold.
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3.3 Sources of Multifractality

Multifractality in financial time series typically arises from two sources: (i) broad probability density functions
and (ii) different long-range correlations for small versus large fluctuations [10]. To disentangle these effects,
we apply shuffling and phase randomization procedures.

Shuffling Procedure:

1. Generate random integer pairs (𝑚, 𝑛) with 𝑚, 𝑛 ≤ 𝑁 , where 𝑁 is the series length.

2. Interchange entries at positions 𝑚 and 𝑛.

3. Repeat steps 1–2 for 20𝑁 iterations to ensure complete randomization.

Phase Randomization Procedure:

1. Apply discrete Fourier transform to the original series.

2. Rotate the phase by a random angle while preserving amplitude.

3. Apply inverse Fourier transform to obtain the surrogate series.

Shuffling destroys temporal correlations while preserving the distribution, whereas phase randomization
preserves linear correlations but Gaussianizes the distribution. Table 5 and Figures 6a and 6b present ℎ(𝑞) for
original, shuffled, and surrogate series.

The sharp decrease in ℎ(𝑞) after shuffling indicates that temporal correlations dominate multifractality
in both markets. The greater deviation from 0.5 for gold suggests stronger anti-persistence in gold returns.
The smaller Δℎ for surrogate series (gold: 0.1267; silver: 0.1604) compared to shuffled series indicates that
fat-tailed distributions also contribute to multifractality, particularly for silver. This decomposition reveals that
approximately 67% of gold’s multifractality and 73% of silver’s multifractality can be attributed to long-range
correlations, with the remainder stemming from distributional properties.

Table 5: Generalized Hurst exponents ℎ(𝑞) for original, shuffled, and surrogate series.

𝑞 Gold Return Series Silver Return Series

Original Shuffled Surrogate Original Shuffled Surrogate

-20 0.7217 0.3489 0.5862 0.7849 0.3818 0.5848
-16 0.7129 0.3144 0.5743 0.7757 0.3526 0.5766
-12 0.7005 0.2619 0.5577 0.7619 0.3052 0.5667
-8 0.6807 0.1887 0.5379 0.7398 0.2289 0.5546
-4 0.6387 0.1147 0.5243 0.6856 0.1322 0.5385
0 0.5546 0.0672 0.5195 0.5806 0.0708 0.5205
2 0.5129 0.0514 0.5176 0.5160 0.0512 0.5121
4 0.4719 0.0386 0.5142 0.4302 0.0349 0.5040
8 0.4034 0.0190 0.5015 0.3221 0.0076 0.4853
12 0.3674 0.0044 0.4852 0.2748 -0.0167 0.4611
16 0.3477 -0.0068 0.4706 0.2492 -0.0397 0.4395
20 0.3357 -0.0156 0.4595 0.2334 -0.0605 0.4244

Δℎ 0.3860 0.3645 0.1267 0.5515 0.4423 0.1604
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(a) Gold market (b) Silver market

Figure 6: Generalized Hurst exponents ℎ(𝑞) for original, shuffled, and surrogate series. The sharp decline in ℎ(𝑞) after
shuffling highlights the dominant role of temporal correlations in generating multifractality.

3.4 Scaling Exponent Analysis

The multifractal scaling exponent 𝜏(𝑞) = 𝑞ℎ(𝑞) − 1 provides further insight into market dynamics. For
monofractal series, 𝜏(𝑞) is linear in 𝑞; nonlinearity indicates multifractality. Figures 7a and 7b display 𝜏(𝑞)
versus 𝑞 for original, shuffled, and surrogate series.

The pronounced nonlinearity in the original series and the shuffled series highlights the contribution of
correlation structures to multifractality. Silver exhibits stronger nonlinearity than gold, indicating greater
sensitivity to extreme fluctuations and higher susceptibility to sudden price movements. The near-linear
behavior of the surrogate series confirms that Gaussianizing the distribution reduces but does not eliminate
multifractality, supporting the finding that both correlations and distributional properties contribute to market
complexity.

(a) Gold market (b) Silver market

Figure 7: Scaling exponents 𝜏(𝑞) versus order 𝑞 for original, shuffled, and surrogate series. The curvature of 𝜏(𝑞)
quantifies the degree of multifractality, with silver showing stronger nonlinearity than gold.

3.5 Multifractal Spectrum and Risk Assessment

The singularity spectrum 𝑓 (𝛼), derived via Legendre transform of 𝜏(𝑞), quantifies market risk through its
width Δ𝛼 = 𝛼max − 𝛼min. Figures 8a and 8b present 𝑓 (𝛼) for both metals, with corresponding Δ𝛼 values in
Table 6.

Silver exhibits wider spectra (Δ𝛼 = 0.6160) than gold (Δ𝛼 = 0.4625), confirming higher market risk. The
narrowing of spectra after phase randomization indicates that extreme events (non-Gaussian tails) contribute
significantly to multifractality, particularly in silver markets. The shuffled series maintain considerable spectrum
width, reinforcing that temporal correlations are the primary source of multifractality.

These findings suggest that silver markets offer higher profit potential but with elevated risk, making them
more suitable for speculative investors. Gold markets, with lower multifractality and narrower spectra, provide
greater stability and are more appropriate for risk-averse investors seeking safe-haven assets. The distinct
risk profiles align with the fundamental characteristics of these metals: gold’s role as a monetary reserve and
inflation hedge versus silver’s dual role as both precious metal and industrial commodity.
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Table 6: Multifractality measures Δℎ and Δ𝛼 for gold and silver markets.

Spot Gold Spot Silver

Series Δℎ Δ𝛼 Δℎ Δ𝛼

Original 0.3860 0.4625 0.5515 0.6160
Shuffled 0.3645 0.3629 0.4423 0.3947
Surrogate 0.1267 0.3178 0.1604 0.3835

(a) Gold market (b) Silver market

Figure 8: Multifractal spectra 𝑓 (𝛼) for original, shuffled, and surrogate series. The width of the spectrum quantifies
market risk, with silver showing consistently wider spectra than gold across all series types.

4 Conclusion and Discussion

This study enhances the Multifractal Detrended Fluctuation Analysis (MF-DFA) framework by introducing
a Binary Overlapped Sliding Window-based variant (Bi-OSW-MF-DFA) and applies it to investigate the
multifractal properties and risk profiles of spot gold and silver markets. Our principal findings are summarized
as follows:

1. Methodological Innovation: We propose the Bi-OSW-MF-DFA method, which improves upon conventional
MF-DFA by mitigating boundary discontinuities and enhancing statistical efficiency. The overlapping
window design ensures smoother transitions between segments, while binary partitioning maintains data
coverage. Empirical comparisons demonstrate that Bi-OSW-MF-DFA yields more concentrated and stable
estimates of the generalized Hurst exponent ℎ(𝑞), with reduced multifractal width measures (Δℎ∗𝑔 = 0.3860
vs. Δℎ𝑔 = 0.5965 for gold; Δℎ∗𝑠 = 0.5515 vs. Δℎ𝑠 = 0.8501 for silver).

2. Multifractal Market Characteristics: Both gold and silver markets exhibit clear multifractal scaling, as
evidenced by crossover points in fluctuation functions 𝐹𝑞 (𝑠) and the nonlinear dependence of ℎ(𝑞) on 𝑞.
The degree of multifractality is more pronounced in silver (Δℎ∗𝑠 = 0.5515) than in gold (Δℎ∗𝑔 = 0.3860),
indicating higher market complexity and stronger persistence of extreme fluctuations in silver.

3. Sources of Multifractality: Through shuffling and phase randomization experiments, we disentangle the
contributions of temporal correlations and distributional properties to multifractality. Shuffling—which
destroys correlations—produces a sharp reduction in ℎ(𝑞), confirming that long-range dependence is
the primary driver of multifractality in both markets. Phase randomization—which Gaussianizes the
distribution—reveals an additional, though smaller, contribution from fat-tailed return distributions, particularly
in silver.

4. Risk Implications: The multifractal spectrum width Δ𝛼 is significantly wider for silver (0.6160) than for
gold (0.4625), implying greater heterogeneity in price fluctuations and higher inherent risk in the silver
market. Wider spectra correspond to more pronounced price oscillations and higher potential returns,
making silver attractive for speculative strategies. Conversely, gold’s narrower spectrum reflects more stable
price dynamics, reinforcing its role as a safe-haven asset for risk-averse investors.

The empirical results align with market observations: silver’s lower trading volume and higher speculative
participation amplify its price volatility, while gold’s status as a reserve asset lends it greater stability. Although
precious metals markets are less mature than equity or bond markets, their complex multifractal structure offers
rich information for risk management and portfolio construction.
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Future research could extend the Bi-OSW-MF-DFA framework to other asset classes, examine intraday
high-frequency data, or incorporate macroeconomic variables to better understand the drivers of multifractality.
Additionally, integrating machine-learning techniques with multifractal features may improve forecasting
accuracy for extreme market movements. Investigating the impact of major economic events (such as the
2008 financial crisis or COVID-19 pandemic) on the multifractal properties of precious metals could provide
further insights into market resilience and contagion effects.

In summary, this study provides both a methodological advance in multifractal analysis and actionable insights
for investors and risk managers in precious metals markets. The proposed Bi-OSW-MF-DFA method offers
a more reliable tool for characterizing market complexity, while the comparative analysis of gold and silver
highlights distinct risk-return profiles that can inform investment and hedging strategies.
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