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ABSTRACT
Long-memory processes are widely used in time series analysis to characterize
persistent dependence structures over time. In financial markets, this
phenomenon is particularly relevant for modeling volatility dynamics, which
measure the variability and risk of asset returns. This study investigates the
presence of long-memory behavior in financial volatility using a spectral
analysis approach. While the persistence of volatility is a well-documented
stylized fact in financial econometrics, traditional time-domain models such
as ARCH, GARCH, and their extensions primarily capture short- and
medium-term dependence in conditional variance, often failing to fully
account for long-range dependence. This paper addresses this gap by
employing a frequency-domain approach based on spectral analysis to detect
long memory in volatility dynamics. The empirical study is conducted
using daily data from the CAC 40 stock market index. The price series
is transformed into logarithmic returns, with volatility proxied by squared
returns. A comparative analysis between returns and squared returns reveals
that returns exhibit weak autocorrelation, whereas squared returns display
strong persistence—consistent with established stylized facts. To further
examine this persistence, we perform spectral density analysis and a simulation
study. The results reveal a significant concentration of spectral power at
low frequencies, providing strong evidence of long-memory dynamics in
volatility. These findings have important implications for volatility forecasting,
risk management, and the specification of econometric models in financial
applications.
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1 Introduction

Long-memory processes play a fundamental role in the analysis of time series characterized by
persistent dependence structures over long horizons. Such processes exhibit slowly decaying autocovariance
functions (ACF) and significant correlations between distant observations. This phenomenon, known
as long-range dependence, has been widely documented in several disciplines including finance,
economics, hydrology, and telecommunications. From a theoretical standpoint, long memory can be
naturally characterized in the frequency domain through the behavior of the spectral density function
(SDF) near the origin [1, 2, 3]. In particular, long-memory processes are associated with a divergence
of the spectral density at low frequencies, reflecting the dominance of long-term components in the
series dynamics. This representation provides an important framework for understanding persistence
and dependence structures in stochastic processes [4, 5, 6, 7, 8, 9, 10, 11, 12].

In financial econometrics, modeling volatility dynamics remains amajor challenge due to the presence
of several well-known stylized facts in asset returns, including volatility clustering, heavy tails, and
persistent dependence structures. Traditional approaches rely primarily on time-domain models such
as the Autoregressive Conditional Heteroskedasticity (ARCH) model introduced by Engle [13] and
its extension, the Generalized ARCH (GARCH) model proposed by Bollerslev [14]. Although these
models successfully capture short-term conditional heteroskedasticity, they often fail to adequately
represent long-range dependence in volatility processes. Traditional models, such as GARCH and its
extensions, have become standard tools for modeling conditional volatility [15, 16, 17]. The squared
returns series often used as a volatility dynamic, frequently display this property. This empirical
feature provides a theoretical justification for using the A Fractionally Integrated GARCH (FIGRCH)
model to capture the hyperbolic decay of volatility shocks and the long-memory behavior frequently
observed in financial time series [18].

An alternative perspective for studying dependence structures in time series is provided by
frequency-domain analysis. Spectral methods focus on the distribution of variance across different
frequencies and are particularly effective for detecting long-memory behavior through the concentration
of spectral power near the zero frequency. Despite their strong theoretical foundation, spectral
approaches remain less frequently used in empirical financial modeling compared with time-domain
likelihood-basedmethods. One of themain challenges lies in obtaining reliable estimates of the spectral
density, especially when the data exhibit complex dependency structures or finite-sample distortions.

Recent methodological developments have shown that combining spectral analysis with modern
data-analysis techniques can significantly improve the estimation of dependency structures in time
series. In particular, Laala et al.[19] proposed an integrated framework that combines clustering and
sequential analysis to improve spectral density estimation (SDE) and to reveal hidden dependency
structures in time series data. This approach identifies representative patterns in the data and enhances
the stability of SDE by exploiting structural similarities among observations. In a related direction, the
concept of input–output space-filling representative points has been introduced as an efficient strategy
for selecting informative subsets of observations for clustering, modeling, and statistical estimation.
By constructing representative points [20, 21, 22] that adequately cover the input–output space, this
methodology allows a more efficient representation of complex stochastic systems and improves the
robustness of statistical inference in high-dimensional settings.

Motivated by these developments, this paper investigates the persistence of financial volatility
within a spectral analysis framework. The objective is to analyze whether the observed persistence
in volatility measures corresponds to genuine long-memory dynamics or may instead result from
alternative phenomena such as structural changes or regime shifts. Using daily observations of the
CAC 40 stock market index, we examine the statistical properties of returns and squared returns,
analyze their ACF and SDF characteristics, and estimate the long-memory parameter using known
semi-parametric spectral methods [23].
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The objective of this paper is to develop a comprehensive spectral framework for modeling financial
volatility and to assess whether the observed persistence in volatility index reflects genuine long
memory or alternative phenomena such as structural breaks or regime shifts. The spectral properties
analyzes of squared returns derive the frequency-domain implications of fractional volatility models,
and employ semi-parametric spectral estimators to measure the degree of long-range dependence.

The remainder of the paper is organized as follows. Section 2 presents the theoretical background on
spectral analysis and long-memory processes. Section 3 introduces the volatility modeling framework
including ARCH, GARCH, and FIGARCH models. Section 4 describes the empirical analysis based
on CAC 40 data and reports the main statistical results. Section 5 concludes and discusses directions
for future research.

2 Spectral Methods for Detecting Long Memory in Time Series

Let {Xt }t∈Z be a weakly stationary stochastic process defined on a probability space (Ω,F,P), with
finite second moment E(X2

t ) < ∞. Denote by

γ(k) = Cov(Xt,Xt+k) = E(Xt Xt+k) − E(Xt )E(Xt−k),

the ACF of Xt . By the Herglotz Theorem [24], there exists a non-decreasing bounded function F(λ)
such that

γ(k) =
∫ π

−π
eikλdF(λ).

If F(λ) is absolutely continuous, then dF(λ) = f (λ)dλ, where f (λ) is the SDF. By Fourier inversion,
f is given by

f (λ) =
1

2π

∞∑
k=−∞

γ(k)e−ikλ, λ ∈ [−π, π], (1)

where λ is the frequency and h is the lag in time. The SDF provides a complete characterization
of second-order properties of Xt . In particular, the behavior of f (λ) near zero frequency reflects the
persistence structure of the process.

A stationary process said to exhibit long memory (or long-range dependence) property, in time
domain, if its ACF are not absolutely summable:

∞∑
k=−∞

|γ(k)| = ∞.

The corresponding behavior asymptotic is given by

γ(k) ∼ Cγkd−1, as k →∞. (2)

Therefore, the ACF implies a hyperbolic decay. In contrast, the short-memory processes is exponential
decay:

γ(k) ∼ Cγρk, as k →∞, with 0 < ρ < 1.

The spectral approach provides an alternative and useful way to describe persistence and dependence
structures in time series. Long memory can also be characterized through the behavior near the zero
frequency of the SDF. The SDF of a stationary process is defined by 1 and using the asymptotic
behavior 2 we obtain

fX(λ) ≈
∞∑
k=1

kd−1Cγ cos(kλ).
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This sum is the Fourier transformof a regularly varying sequence [25]. Applying classicalAbelian–Tauberian
theorems for Fourier series [26], we obtain

f (λ) ∼ Cf |λ |
−d, λ→ 0, (3)

where Cf > 0 is a constant depend to SDF, λ is the frequency, and d is the long-memory parameter.
Thus, long memory in the time domain corresponds to a divergence of the SDF at low frequencies.
This property was originally discussed in the long-memory literature by [9]. When 0 < |d | <
1, the SDF diverges near the zero frequency, indicating that low-frequency components dominate
the spectrum. This behavior reflects strong persistence and long-range dependence in the series
[7, 8, 24, 11, 12, 23, 32, 33].

The persistence property of memory [27, 28, 1] is determined by:

• d = 0 is short memory stationary process,

• 0 < |d | < 1 is long memory stationary process, and

• |d | ≥ 1 is non-stationary behavior.

The autoregressive-moving average (ARMA) model is a well-known process that has a short memory
property when d = 0.

The divergence of the SDF at low frequencies indicates that the process is dominated by low-frequency
components. In practical terms, this means that shocks affecting the series decay very slowly over
time. Consequently observations that are far apart in time may still exhibit significant dependence.
This behavior is known as long-range dependence or long memory. Therefore, the SDF provides an
important tool for detecting and analyzing long-memory behavior in time series data. After analyzing
the long-memory properties of the time series, the spectral density estimator (SDE) is defined using
two classical nonparametric methods: the Periodogram estimator (PE) and the lag-window estimator
(LWE).

Let Xt , t = 1, . . . ,n, be a stationary time series with mean zero. The PE of the spectral density at
frequency λ is defined as

In(λ) =
1

2πn

����� n∑
t=1

Xte−iλt
�����2 , where i =

√
−1 and λ ∈ [−π, π]. (4)

The PE provides a direct estimate of the SDF obtained from the discrete Fourier transform of the
time series. However, although it is asymptotically unbiased, it is not a consistent estimator because its
variance does not decrease with the sample size. Consequently, the PE is often used as a preliminary
tool for identifying dominant frequency components in the data.

To obtain a consistent estimate of the spectral density, the LWE is commonly used. This estimator
is based on the sample ACFs and applies a smoothing kernel to reduce the variability of the spectral
estimate. Let γ̂(k) denote the sample ACF at lag (k)

γ̂(k) =
1
n

n−|k |∑
t=1
(Xt − X̄t )(Xt+ |k | − X̄t+k), with X̄t =

1
n

n∑
t=1

Xt .

The LWE is one of the SDE methods, it is defined as follows

f̂ (λ) =
1

2π

M∑
k=−M

w

(
k
M

)
γ̂(k)e−iλk, (5)
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where w(·) is a window (kernel) function, M is the truncation lag (bandwidth) controlling the amount
of smoothing [1, 23, 29]. The LWE reduces the variance of the PE by smoothing the sample ACFs,
producing a more stable estimate of the SDF.

Consider the ARMA (p,q) process defined by

Φ(L)Xt = Θ(L)εt,

where: L is the lag operator, Θ(L) and Φ(L) are polynomials, εt is white noise with variance σ2. The
usual extension of ARMA process is the Fractionally Integrated ARMA (ARFIMA) (p, d,q) process
given by

Φ(L)(1 − L)dXt = Θ(L)εt .

The fractional differencing operator is defined by

(1 − L)d =
∞∑
k=0

Ck
d(−L)k, where Ck

d =
Γ(k + 1)

Γ(d − k + 1)Γ(d + 1)
.

The spectral density of an ARFIMA process behaves near zero as:

f (λ) ≈
σ2

2π
|λ−d |

���Φ(e−iλ)
Θ(e−iλ)

���2.
Hence, the long-memory behavior is entirely governed by the fractional parameter d [30, 31].

3 A Stochastic Framework for Financial Volatility Dynamics with Long
Memory

Financial time series are usually characterized by strong variability and time–varying volatility. In
empirical finance, the analysis is generally performed on asset returns rather than prices because price
series are typically non–stationary.

Let Pt denote the price of a financial asset at time t. The logarithmic return series is defined as

rt = log
(

Pt

Pt−1

)
, (6)

where Pt is the asset price at time t, Pt−1 is the price at time t − 1, and rt is the return observed at
time t. The logarithmic return measures the relative change in price between two consecutive periods.
Log–returns are widely used because they possess important statistical properties such as approximate
additivity over time and improved stationarity compared to raw prices. For small variations in prices,
the logarithmic return (6) can be approximated using the first-order Taylor expansion of the logarithm
function, log(1 + x) ≈ x. Hence

rt ≈
Pt − Pt−1

Pt−1
.

This approximation shows that the return corresponds to the percentage change in the asset price.

The return series {rt } can be decomposed into two components: a predictable component and an
unpredictable innovation. This decomposition is written as

rt = µt + εt, (7)

where

• µt is the conditional mean of the return,
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• εt is the innovation or error term.

The conditional mean represents the expected return given the information available up to time t − 1.

µt = E(rt | Ft−1).

Here Ft−1 denotes the information set available at time t − 1. This set typically contains past returns,
past errors, and other relevant historical information. Therefore, µt represents the best forecast of rt
based on past information.

A common specification for modeling the conditional mean is the ARMA(p,q) model:

µt = c +
p∑
i=1

φirt−i +
q∑
j=1

θ jεt−j, (8)

where c is a constant, φi are autoregressive coefficients, θ j are moving average coefficients. The
autoregressive (AR) part captures the influence of past returns on the current return (rt ), while the
moving average (MA) component captures the impact of past shocks (εt−j). By substituting µt into
the return equation 7, we obtain

rt = c +
p∑
i=1

φirt−i +
q∑
j=1

θ jε
′
t−j + εt . (9)

This equation describes the dynamics of the return process. A simple example is the ARMA(1,1)
model:

rt = c + φ1rt−1 + θ1ε
′
t−1 + εt .

In this case, the current return rt depends on the previous return rt−1, the previous shock ε′t−1, and a
new innovation εt .

In classical time series models, the innovation process εt is assumed to follow a white noise process.

• Zero Mean: E(εt ) = 0. This property ensures that the innovations do not introduce systematic
bias into the model.

• Constant Variance Var(εt ) = σ2. This assumption implies that the variance of the error term
remains constant over time.

• NoAutocorrelationCov(εt, εt−k) = 0, k , 0.Thismeans that innovations are independent over
time. A stronger assumption is that the innovations follow a Gaussian distribution εt ∼ N(0, σ2).

Financial returns often violate the constant variance assumption. Three important empirical features
are commonly observed:

• Volatility clustering means that large price changes tend to be followed by large changes, while
small changes are followed by small changes. This phenomenon implies that

Var(εt | Ft−1) is not constant over time. (10)

• Heavy tails indicate that extreme events occur much more frequently than would be expected in a
normal distribution. Thus, the assumption of Gaussian white noise significantly underestimates
extreme risks.
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• Leverage effects the asymmetric response of volatility to shocks, where a negative return
generally leads to a greater increase in future volatility than a positive return of the same
magnitude. The leverage effect means that the conditional variance σ2

t (volatility) responds
more strongly to a negative shock (εt−1 < 0) than to a positive shock (εt−1 > 0) of the same
absolute size.

To capture this behavior, conditional heteroskedasticity (volatility) models are introduced. Thus, by
treating εt as simple white noise, the ARMA model fails to account for the dynamic, predictable,
and asymmetric properties of volatility—asymmetric behavior of risk— given the central role these
properties play in analysis of the financial times series .

ARMAmodels describe the conditional mean of returns but assume constant variance, The volatility
modeling is to capture the time-varying behavior of return. The framework focus on the innovation term
εt , which represents unexpected shocks affecting financial markets. An Autoregressive Conditional
Heteroskedasticity (ARCH) or Generalized ARCH (GARCH) family of models are introduced tomodel
the conditional variance of returns. Keep the equation 7, the error term can be written as

εt = σt zt, (11)

where σt is the conditional standard deviation, zt is an independent process with mean zero and
variance one. Therefore, in accordance with property 10, we have

Var(εt |Ft−1) = σ
2
t .

The goal of volatility models is therefore to describe the evolution of σ2
t .

The ARCH(q) model proposed by Engle [13] defines the conditional variance σ2
t as

σ2
t = ω + α1ε

2
t−1 + α2ε

2
t−2 + · · · + αqε

2
t−q .

This specification implies that the current volatility depends on past squared shocks. A large shock εt
in the past increases the current conditional variance. This creates volatility clustering. The model
finally captures the fact that variance is not constant, but predictable.

Bollerslev [14] generalized the ARCH model by including past variances. The Generalized
Autoregressive Conditional Heteroskedasticity Model (GARCH) GARCH(1,1) model is defined as

σ2
t = ω + αε

2
t−1 + βσ

2
t−1, (12)

where ω(Constante) represents the long-run volatility level, α(ARCH coefficient) measures the impact
of recent shocks, and β(GARCH coefficient) captures volatility persistence.

The sum (α + β) measures how persistent volatility is over time [16, 35]. The GARCH(1,1) model is
the workhorse of financial econometrics. It captures volatility clustering extremely well with just three
parameters.

A Fractionally Integrated GARCH (FIGRCH) model extends GARCH by allowing long memory
behavior in volatility dynamics, it was introduced by Baillie et al.[5]. The general representation is

φ(L)(1 − L)dε2
t = ω + [1 − β(L)]vt, (13)

with vt = ε2
t − σ

2
t , L is the lag operator, and d is the fractional integration parameter. The lag

polynomials are defined as

φ(L) = 1 − φ1L − ... − φpLp, β(L) = β1L + ... + βqLq,
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The roots of φ(L) lie outside the unit circle to ensure stability. The fractional differencing operator
(1 − L)d is defined as

(1 − L)d =
∞∑
k=0

Γ(k − d)
Γ(−d)Γ(k + 1)

Lk =

∞∑
k=0

πkLk . (14)

For large k, the coefficients satisfy πk ∼
kd−1

Γ(d)
,which implies a hyperbolic decay rather than

an exponential one.

This infinite expansion implies that past shocks decay slowly, which generates long–range dependence
in volatility. Several well-known volatility models arise as special cases, such as the value of d
determines the degree of persistence:

• d = 0 corresponds to the GARCH model,

• d = 1 corresponds to the non stationary GARCH model,

• 0 < d < 1 indicates long memory (strong persistence) in the volatility process.

The FIGARCH model admits the following infinite ARCH representation, from formula 13 and 14
and under finite fourth moments of εt (E(ε4

t ) < ∞) , the σ2
t admits an infinite-order representation:

σ2
t =

∞∑
k=0

πkε
2
t−k .

Then, for ε2
t is independent of past volatility and E(ε4

t ) < ∞, the ACF of σ2
t satisfies

γσ2(k) = Cov(σ2
t , σ

2
t+k) ∼ Ckd−1, k →∞.

From formula 2 and for (0 < d < 1), ACF ofσ2
t decay hyperbolically. Then, the ACF of the conditional

variance satisfies the long rang dependence structure

4 Long Memory in CAC 40 Volatility: An Empirical Investigation

This section presents an empirical investigation of long-memory behavior in financial volatility using
daily observations of the CAC 40 stock market index. The CAC 40 is determined by selecting the
40 companies out of 100 that generate the highest trading volume on Euronext Paris. The list of
companies listed on the CAC 40 is reviewed regularly to maintain a degree of representation across
different sectors. CAC originally stood for Compagnie des Agents de Change, but today the acronym
stands for Cotation Assistée en Continu (Continuous Assisted Quotation).

The objective of this simulation study is to examine whether volatility dynamics exhibit persistent
dependence structures consistent with fractional integration for real data. The empirical analysis is
structured as follows: First, the data and transformation procedures are described. Second, preliminary
statistical properties of the series are analyzed. Third, the dependence structure of returns rt and squared
returns r2

t is examined using ACF and SDF analysis.
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Financial Price Series Pt

Compute Log Returns
rt = log(Pt/Pt−1)

Descriptive Statistics: Mean, Variance, Skewness,
Kurtosis, and the Jarque Bera normality statistic

Volatility Modeling using the GARCH(1,1) Model

Analysis of Long range
Dependence in Volatility Dynamic

Autocorrelation Analysis:
ACF of rt and r2

t

Spectral Analysis:
• SDF of rt and r2

t

• Periodogram of r2
t

• Lag-window of r2
t

Long-Memory Detection:
• Slow decay of ACF

• Low-frequency dominance

Log-Spectral Representation using
to Estimate memory parameter d

Volatility Modeling

• d = 0 =⇒ GARCH Model
• 0 < d < 1 =⇒ FIGARCH Model

Figure 1: Flowchart of the empirical methodology used to analyze Volatility Dynamic and
long-memory behavior in financial time series .

4.1 Description Analysis of the Price and Return Series

The empirical analysis uses daily observations of the CAC 40 index covering the period from January
1, 1996 to December 31, 2015. The CAC 40 index represents the forty largest companies listed on the
Paris stock exchange and serves as the benchmark index for the French equity market. Logarithmic
returns rt are widely used in financial econometrics because they possess desirable statistical properties
such as approximate additivity over time and improved stationarity compared to raw prices pt . Figures
2 and 3 represent the evolution of the CAC 40 price series pt and the corresponding return series rt in
formula 3. Figure 2 shows that the price series is non-stationary and characterized by large fluctuations
and long-term growth trends. Such behavior is typical of financial price series. Figure 3 illustrates the
return series rt , which fluctuates around zero and appears approximately stationary
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Figure 2: The price series of CAC 40 data

Figure 3: The correspondence return of the price of the CAC 40

4.2 Statistics and Normality Test of the Return and square Return

This subsection presents the descriptive statistics of the CAC 40 return series in order to characterize
the main distributional properties of the data before conducting the volatility analysis. These statistics
provide preliminary evidence on the behavior of financial returns and allow us to verify whether
the empirical data exhibit the well-known stylized facts of financial time series, such as heavy tails,
asymmetry, and non-normality.

The main descriptive measures used in the analysis are the sample Mean (rt ), Variance (σ2), Stander
deviation (σ), Skewness (S) , Kurtosis(K), and the Jarque Bera (J-B) normality statistic. These
quantities are defined as follows:

Mean == 1
n

∑n
t=1 rt, σ2 = 1

n

∑n
t=1

(
rt − rt

)2
, S = 1

n

∑n
t=1

(
rt−rt
σ

)3
,

K = 1
n

∑n
t=1

(
rt−rt
σ

)4
, J-B = n

6

(
S2 + (K−3)2

4

)
.

These statistics respectivelymeasure the central tendency of the returns, their dispersion, the asymmetry
of the distribution, and the thickness of the distribution tails.

The Jarque–Bera statistic is a widely used test for normality [34]. It jointly evaluates whether the
Skewness and Kurtosis of the sample are consistent with those of a normal distribution.
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The hypotheses of the test are defined as follows:

H0 : rt ∼ Normal Distribution, H1 : rt � Normal Distribution

Under the null hypothesis H0, the Jarque–Bera statistic asymptotically follows a chi-squared distribution
with two degrees of freedom:

JB ∼ χ2(2), the corresponding p-value is computed as p-value = 1 − Fχ2(2)(JB),

where Fχ2(2) denotes the cumulative distribution function of the chi-squared distribution with two
degrees of freedom. The decision rule is defined as follows:

• If p-value > α (typically α = 0.05), H0 cannot be rejected and the data may be considered
normally distributed.

• If p-value ≤ α, H0 is rejected, indicating that the distribution significantly deviates from
normality.

Table 1: Descriptive Statistics of Returns, Square Return, and Absolute Return

Series n Mean σ S K J-B

rt (Returns) 4999 -0.00014 0.07236 -0.042 35.42 2.19 × 105

r2
t (Squared) 4999 0.00524 0.03072 9.573 124.95 3.17 × 106

|rt | (Absolute) 4999 0.01484 0.07082 5.293 33.90 2.22 × 105

Note: All p-values for Jarque-Bera test are < 0.001, rejecting normality.
The high kurtosis indicates heavy tails and volatility clustering.

Table 1 reports the descriptive statistics of the CAC 40 return, squared return and absolute return series.
The results of the Table 1 show

• The Mean of the return series rt is close to zero, which is a typical feature of high-frequency
financial returns. This indicates that positive and negative price movements tend to cancel out
over time.

• The standard deviation σ reflects the overall volatility of the series. The relatively large value
confirms that financial markets are characterized by substantial fluctuations.

• The skewness coefficient S is negative, indicating that the distribution of returns is slightly
left-skewed. This suggests that extreme negative returns occur more frequently than extreme
positive returns.

• The kurtosis K is significantly larger than the value of three associated with the normal
distribution. This indicates the presence of heavy tails in the return distribution, meaning
that extreme events occur more frequently than predicted by a Gaussian model.

• The Jarque–Bera statistic JB strongly rejects the null hypothesis of normality. This result
confirms that financial returns exhibit non-Gaussian behavior, which is consistent with the
stylized facts widely documented in financial econometrics.

These results are consistent with the stylized facts widely documented in financial econometrics and
justify the use of conditional heteroskedastic models such as ARCH, GARCH, and FIGARCH to
capture the dynamic behavior of financial volatility.
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4.3 A GARCH(1,1) Model to Capture the Volatility Dynamics of CAC 40 Returns

Based on the previous results, we estimate a GARCH(1,1) model to capture the volatility dynamics of
CAC 40 returns. The model specification is given in Eq. (12), and the estimation results are reported
in Table 2.

Table 2: GARCH(1,1) Estimation Results for CAC 40 Return Volatility

Parameter Value SE T-statistic P-value

Constant (ω) 0.00038358 5.8465e-06 65.609 0
GARCH(1) (β) 0.75511 0.0035099 215.14 0
ARCH(1) (α) 0.1972 0.0084801 23.255 1.264e-119

The results reported in Table 2 indicate that all estimated parameters are highly statistically significant.
The accuracy of each parameter is measured by the standard error (SE), defined as

SE(θ̂i) =
√
Var(θ̂i), i = {ω, β,α},

which represents the standard deviation of the estimator and measures the precision of the estimated
parameter. The statistical significance of each parameter is evaluated using the t-statistic, defined as

t =
θ̂i

SE(θ̂i)
, i = {ω, β,α}.

This statistic is used to test the hypotheses

H0 : θi = 0 against H1 : θi , 0.

The corresponding p-value represents the probability of obtaining a t-statistic at least as extreme as the
observed value under the null hypothesis. If the p-value is lower than the conventional significance
level (5%), the null hypothesis is rejected. In Table 2, all p-values are close to zero, confirming that
the estimated parameters are statistically different from zero.

• The ARCH coefficient (α = 0.1972) captures the short-run impact of recent shocks on volatility,
indicating that new market information significantly affects the volatility of CAC 40 returns.

• The GARCH coefficient (β = 0.7551) reflects the persistence of past volatility, suggesting that
previous volatility strongly influences current volatility levels.

• Volatility persistence is measured by the sum α + β = 0.9523, which is close to unity. This indicates
a high degree of persistence in the volatility process of CAC 40 returns, implying that volatility shocks
dissipate slowly over time, a characteristic feature of financial markets known as volatility clustering
[35].

• Finally, the stationarity condition of the GARCH model (α + β < 1) is satisfied, ensuring that the
conditional variance remains stable in the long run. However, the high persistence may indicate the
presence of long-memory effects, suggesting that alternative specifications such as the FIGARCH
model could better capture the long-term volatility dynamics of the CAC 40 index.

4.4 Autocorrelation Analysis of Returns and Volatility

To examine the persistence structure of the series, the ACF is computed for both the rt and the squared
return series, then the cross correlation betweenrt and r2

t . The empirical ACF values are reported in
Tables 3 and 4 for different lag orders. The results of Table 3 reveal an important contrast between
returns and volatility:
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• The ACFs of the rt are generally small and rapidly decay toward zero.

• The ACFs of the r2
t remain positive and significant over a large number of lags.

• The cross correlation between rt and r2
t

From Table 4, the decay pattern of the ACF of r2
t is slow and gradual rather than exponential. Such a

hyperbolic decay pattern is consistent with the theoretical behavior of long-memory processes . This
result provides preliminary evidence that the volatility process may exhibit long-range dependence.
Figure 4 present the ACF of the returns rt and square returns r2

t . Unlike the return rt , the square of the
return r2

t is generally strongly autocorrelated.

However, periods of high volatility alternate with periods of low volatility, indicating the presence of
volatility clustering, one of the most important stylized facts of financial markets. Volatility is typically
not directly observable, a common technique used in empirical studies is the squared return: Xt = r2

t .

Even when returns rt themselves are weakly correlated, squared returns r2
t often display strong serial

dependence, reflecting persistent volatility dynamics.

Figure 4: ACF of the returns rt and square returns r2
t of CAC 40

4.5 Spectral Analysis and Long-Memory Identification

Figure 5 displays the SDF of the return series rt and the squared return series r2
t . The spectrum of

squared returns r2
t shows a strong concentration of power near zero frequency, which is a characteristic

feature of long-memory processes. Figure 6 presents the SDE of squared returns r2
t obtained from

both methods PE and LWE methods, given in formula 4 and 5 respectively. The results highlight the
concentration of spectral power at low frequencies, which suggests the presence of persistent volatility
dynamics. The pronounced peak near the origin indicates that long-term components play a dominant
role in the volatility dynamics.

The presence of long-memory behavior can be further investigated through the asymptotic behavior of
the spectral density near the origin. To facilitate empirical estimation, the logarithm of the SDF can
be considered. Taking logarithms of the expression 3 yields the log-spectral representation

log fX(λ) = log Cf − d log |λ |.

Differentiating with respect to log λ gives
∂ log fX(λ)
∂ log λ

= −d.
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Table 3: ACFs for Return rt and the Square Return r2
t , and their cross-Covariances for CAC 40

(01/01/1996 - 31/12/2015)
Lags 1-25 Lags 26-50

h ρrt ρr2
t

ρrt ,r2
t

Signif h ρrt ρr2
t

ρrt ,r2
t

Signif
1 -0.2637 0.1768 -1.0000 *** 26 0.0233 -0.0079 0.0000
2 -0.1046 0.1856 -1.0000 *** 27 0.0044 0.0382 0.0900 *
3 0.0076 0.1531 0.5400 ** 28 -0.0063 0.0404 -0.1350 *
4 -0.0089 0.0815 -0.3150 * 29 -0.0146 -0.0141 0.0900 *
5 0.0120 0.0189 0.0900 * 30 0.0121 0.0357 0.1800 *
6 -0.0493 0.0937 -1.0000 *** 31 0.0064 -0.0025 0.0000
7 -0.0052 0.0791 -0.1800 * 32 -0.0007 0.0039 -0.0000
8 -0.0328 0.0865 -1.0000 *** 33 -0.0296 0.0441 -0.5850 **
9 -0.0241 0.1010 -1.0000 *** 34 0.0208 0.0649 0.6300 **
10 0.0309 0.0726 0.9900 *** 35 0.0037 0.0120 0.0000
11 -0.0031 0.1361 -0.1800 * 36 -0.0433 0.0654 -1.0000 ***
12 -0.0150 0.1293 -0.8550 ** 37 0.0105 0.0104 0.0450
13 -0.0058 0.1190 -0.3150 * 38 0.0064 0.0009 0.0000
14 -0.0138 0.0046 0.0000 39 0.0138 -0.0121 0.0000
15 0.0405 0.1088 1.0000 *** 40 -0.0006 -0.0033 0.0000
16 0.0290 0.0101 0.1350 * 41 -0.0353 0.0047 0.0000
17 -0.0163 0.0041 -0.0450 42 0.0365 0.0078 0.1350 *
18 -0.0222 0.0511 -0.4950 ** 43 -0.0069 0.0109 -0.0450
19 -0.0032 -0.0015 0.0000 44 0.0062 0.0206 0.0450
20 -0.0070 0.0307 -0.0900 * 45 -0.0050 0.0150 -0.0450
21 0.0012 0.0785 0.0450 46 -0.0082 0.0297 -0.0900 *
22 -0.0069 -0.0159 0.0450 47 0.0081 0.0245 0.0900 *
23 -0.0253 0.0339 -0.4050 * 48 0.0151 0.0058 0.0000
24 0.0328 0.0355 0.5400 ** 49 -0.0086 0.0187 -0.0900 *
25 -0.0182 -0.0058 0.0450 50 -0.0015 0.0110 -0.0000
• Significance: *** |ρ| > 0.9, ** 0.5 < |ρ| ≤ 0.9, * 0.1 < |ρ| ≤ 0.5

• ρrt ,r2
t
(h) = Cov(rt+h ,r2

t )

σrσr2
is the cross Covariance between rt+h et r2

t , normalized by σrσr2 = 0.002223

• The bold value indicate a correlation |ρ| = 1

Figure 5: SDF of the returns rt and the square return rt of CAC 40

This relationship shows that the slope of the log-spectrum near the zero frequency corresponds to the
negative value of the memory parameter. Consequently, the long-memory parameter can be estimated
from the slope of the log-SDF in the low-frequency region. This property forms the basis of several
semi-parametric estimators such as the log-PE or log-LWE.

Figure 7 illustrates the estimated log-SDF of the squared returns r2
t of the CAC 40 index. The figure

exhibits an approximately linear pattern in the low-frequency region, which is consistent with the
theoretical log-spectral representation of long-memory processes. The negative slope observed in the
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Table 4: ACF decay analysis for Return rt and Square Return r2
t

Lag range Mean ACF rt Mean ACF r2
t Decay pattern

1-10 -0.0438 0.1107 Rapid decay for rt , slow for r2
t

11-20 -0.0019 0.0507 rt near zero, r2
t still positive

21-30 -0.0008 0.0258 r2
t slowly decaying

31-40 -0.0016 0.0148 r2
t approaching zero

41-50 0.0004 0.0151 Residual positive correlation

log-spectrum indicates that the SDF decreases as the frequency increases, confirming the dominance
of low-frequency components in the volatility dynamics.

From the estimated slope of the log-spectrum, the long-memory parameter is obtained as d = 0.4429.
Since this value satisfies (0 < d < 1), the volatility process can be classified as a stationary
long-memory process. This result indicates that volatility shocks decay slowly and may affect future
volatility over long time horizons.

The empirical findings therefore support the presence of fractional persistence in financial volatility.
Standard GARCH models assume an exponential decay of shocks and may therefore be insufficient
to capture such long-range dependence. Models incorporating fractional integration, such as the
FIGARCH model, provide a more flexible framework capable of capturing both short-term dynamics
and long-term persistence in volatility.

Overall, the empirical evidence obtained from the CAC 40 index strongly supports the presence of
persistent volatility dynamics consistent with long-memory behavior. These results have important
implications for volatility forecasting, financial risk management, and the specification of econometric
models for financial time series.

Figure 6: SDE of CAC 40 Square Returns based on the PE and LWE methods.
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Figure 7: Log- SDF of the squared returns r2
t of the CAC 40 index. The approximately linear

relationship between log f (λ) and logλ in the low-frequency region indicates long-memory behavior,
and the slope of the curve provides an estimate of the memory parameter d.

5 Conclusion and Future Work

This study investigated the persistence of financial volatility using a spectral analysis framework
combined with classical volatility modeling techniques. The objective was to examine whether the
volatility dynamics of financial returns exhibit long-memory behavior and to assess the adequacy of
traditional volatility models in capturing this persistence.

Using daily observations of the CAC 40 stock market index over the period 1996–2015, we analyzed
the statistical properties of returns and squared returns. The empirical analysis confirmed several
well-known stylized facts of financial time series, including volatility clustering, heavy tails, and
significant departures from normality. While the return series itself showed weak autocorrelation,
the squared return series displayed strong and persistent dependence over many lags, suggesting the
presence of long-range dependence in volatility dynamics.

The analysis of the autocorrelation function revealed a slow and gradual decay for the squared returns,
which is consistent with the theoretical behavior of long-memory processes. This result was further
supported by the spectral density analysis, which showed a strong concentration of spectral power near
the zero frequency. Such a pattern indicates that low-frequency components dominate the volatility
process and provides strong evidence of persistent dynamics in the CAC 40 volatility series.

The estimated fractional parameter obtained from spectral methods was approximately d = 0.4429,
which lies within the interval ( 0 < d < 1 ). This confirms that the volatility process can be characterized
as a stationary long-memory process. These findings suggest that standard short-memory models such
asGARCHmay not fully capture the persistence observed in financial volatility. In contrast, fractionally
integrated models such as the FIGARCH framework provide a more flexible representation of volatility
dynamics by allowing a hyperbolic decay of shocks over time.

Overall, the empirical results highlight the importance of considering long-memory structures when
modeling financial volatility. The combination of spectral analysis and volatility modeling provides a
useful framework for detecting and quantifying persistent dependence in financial time series. These
findings have important implications for volatility forecasting, portfolio risk management, and the
specification of econometric models used in financial applications.

Future research may extend this work in several directions. First, more advanced spectral estimation
techniques could be employed to improve the robustness of long-memory parameter estimation.
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Second, recent developments combining clustering methods and sequential analysis for improving
spectral density estimation may provide a promising framework for identifying hidden dependency
structures in time series data. Third, applying the proposed approach to other financial markets or
high-frequency data could provide further insights into the nature of long-memory behavior in financial
volatility. Fourth, an important avenue for future research lies at the intersection of experimental design
and time series analysis. The quality and informativeness of any empirical analysis fundamentally
depend on the dataset used [37, 38]. In this context, the principles of optimal experimental design
can be leveraged to construct datasets that are not merely passively observed but strategically designed
to capture the most relevant information about underlying processes. For instance, the concept of
orthogonal designs [39], foldover designs [40], sequential designs [41], follow-up designs [42], Latin
hypercube designs [43], low-aliasing designs [44], uniform designs [45, 46, 47], projection designs
[48, 49], coding schemes [50], and space-filling designs [51], offers a powerful framework for selecting
or constructing datasets that efficiently represent the input-output space, thereby improving the accuracy
and stability of subsequent statistical inference. By integrating such design principles into the data
collection or selection phase, one can enhance the detection of long-memory structures and reduce
estimation uncertainty. This synergy between experimental design and time series analysis opens new
possibilities for more reliable volatility modeling and risk assessment in financial applications.
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